A computational procedure has been developed which accounts for the combined time-mean effect of wake-passing and free-stream turbulence on laminar turbine blade boundary layers. The procedure has the advantage of being computationally efficient as well as providing a realistic model of the unsteady nature of the flow. The procedure yielded the parameter Tu ReD I 60/2 for characterizing the time-mean flow in the leading edge region and the parameter r(m 21u2a for describing the flow downstream of the stagnation point. A provisional comparison with stagnation flow experimental data showed that the procedure may be more general than initially expected.
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INTRODUCTION
Accurate estimation of heat loading on the external surfaces of gas turbine blades and vanes has become vital for the effective design of modem gas turbine engines. Satisfactory prediction of the heat transfer to these surfaces still eludes the gas turbine designer due to the highly complex and interactive external flow-field environment. Amongst the many factors influencing heat transfer, the time-unsteady condition of the flow as it enters the blade or vane row is one of the most important (Graham, 1979) . In recent years much effort has been invested in experimentally investigating the unsteady flow phenomena where actual engine operating conditions were closely simulated (eg. Dunn et al. 1986 , Dring et al. 1986 and Guenette et al. 1989 . In the engine, combustion processes are responsible for the generation of high energy turbulence while periodic unsteadiness of the flow arises from the relative motion of the alternately stationary and rotating vane and blade rows which comprise each turbine stage. Of the factors which contribute to the overall flow unsteadiness (see Schultz, 1986 and Doorly, 1987) , wake-passing and free-stream turbulence may be considered to dominate.
The role of wake-passing on heat transfer to turbine blades has recently received much attention (eg. Mayle, 1991 , Paxson & Mayle, 1991 . Particularly, the phenomenon of laminar-turbulent transition in the presence of wakes plays a pivotal role in controlling local heat transfer rates. A new theory, which shows exceptional agreement with experiment, has recently been developed (Mayle & Dullenkopf, 1990 . Despite these advances, uncertainty still remains with regard to predicting wake induced transition onset.' It is envisaged that, much like flows where wakes are absent, a wake-induced transition onset parameter will be correlated with local time-mean boundary layer quantities such as momentum thickness Reynolds number and turbulence level, in addition to other wake associated parameters. It is important to note that, even if well validated experimental data are available, the designer will not be in a position to implement experimental data effectively without accurate modelling of the wake-perturbed laminar boundary layer. Therefore, the development of a method for accurately representing the laminar boundary layer is critical from the viewpoint of transition prediction.
Quite apart from problems related to boundary layer transition, the unsteady nature of the flow in laminar boundary layers can have a substantial effect on local heat transfer rates. These effects are apparent in, and just down-stream of, the stagnation region where the laminar boundary layers are highly perturbed. The effect of a turbulent stream on these boundary layers under idealized conditions has received considerable attention over the last thirty years from experimental (eg. Smith & Kuethe, 1966 ), computational (eg. Traci & Wilcox, 1975 , and theoretical (eg. Sutera, 1965) perspectives. Traditionally, velocity fluctuations have been considered to be the primary mechanism affecting heat transfer, but recent studies indicate that density as well as stagnation enthalpy fluctuations may play a role (see Kurosaka et al. 1987 , Bogucz et al. 1988 and Rigby and Rae, 1989 . In recent years, simulated engine conditions have been employed to gauge the effect of realistic turbulence levels on heat transfer augmentation within laminar boundary layers (eg. Krishnatnoorthy et al. 1988) . The effect of a pure sinusoidal 1 Currently, even in cases where wakes are absent, there is no widely accepted method for relating transition onset to local conditions within the boundary layer (Mayle, 1991) . perturbation of the free-stream on laminar boundary layers has also been extensively studied, but mainly from a theoretical and computational point of view (eg. Ishigald, 1970 and Phillips & Ackerberg, 1973) while the combined effect of free-stream turbulence and a standing wave perturbation were studied computationally by Greenblatt (1991) . The effect of travelling wave disturbances, representing an idealized model of the wake-passing over turbomachinery blades, was studied both experimentally and theoretically by Patel (1975) and has received revived attention in recent times (Evans, 1989 , Paxson & Mayle, 1991 and Greenblatt & Damelin, 1992 .
To date, no computational procedure has been developed to simultaneously account for the combined effect of high levels of free-stream turbulence and wake-passing on laminar turbine blade boundary layers. In this paper, such a procedure is presented and its advantages over other methods proposed in the literature are illustrated. Results of the numerical scheme are presented and a provisional comparison has been carried out with stagnation flow experimental data. Paxson & Mayle (1991) analysed the effect of the wake perturbed mean velocity field and turbulence contained in the wake on the boundary layer. They argued that both wake and turbulence perturbations may be considered inviscid relative to the boundary layer, imposing upon it a complex unsteady flow. Using these arguments the free-stream edge velocity that the gas turbine boundary layer is subjected to can be considered the sum of amean component (U0), a wake component (U_) and a turbulent component (u'). This so-called triple decomposition is presented schematically in Figure 1 .
FREE-STREAM CONSIDERATIONS
The edge velocity in Figure 1 may be mathematically expressed
Here we adopt Evans '(1989) characterization of the wake:
where U1(x) is the amplitude of the wake disturbance, Q is the wake velocity, x is the spatial coordinate in the flow direction and t represents time. In order to distinguish between the magnitude of the various forms of unsteadiness it is convenient to define the overall disturbance level as
where Du is the wake disturbance U1/"5U0 and Tu is the ensemble averaged turbulence level <u"2 >/U° (see Evans, 1975) .
Substituting (1) and (2) McDonald & Fish, 1973) , the expression reduces to 1 dp dU° U, dU,
where the overbars denote time-mean quantities. It should be noted that while U°(x) is readily determined from the Euler equations (eg. Denton, 1982) , U1(x) represents the wake amplitude variation as it passes through the blade row. The calculation of its magnitude for general turbomachinery flow is not considered to be within the scope of this paper.
MODELLING OVERVIEW
The time-meanboundary layer equations incorporating the triple decomposition may be derived in a similar fashion to the time-mean pressure gradient of the previous section (Norris & Reynolds, 1975) . The derivation, however, gives rise to an additional Reynolds stress term which represents the non-linear contribution from the wake interactions and is difficult to quantify. An alternative approach, based on the small perturbation assumption, has been developed by Telionis (1977) and more recently by Paxson & Mayle (1991) . In certain turbomachinery applications, combustor turbulence can introduce gross disturbances of the order 0.5(4 (Graham, 1979) , and the small perturbation assumption does not enjoy general validity. In order to obtain badly-needed engineering information relatively quickly, many investigators have extended steady boundary layer procedures to unsteady flow problems by simply adding the unsteady terms to the equations (e.g. Gorla, 1986 and Cebeci et al.1990) . While these methods have achieved moderate success, computational problems arise due to unsteady boundary layer separation, and more importantly, modelling boundary layer transition in an inherently unsteady environment is poorly understood. These methods are also computationally expensive when compared to typical two-dimensional steady flow boundary layer code performance.
GENERAL METHOD
The approach adopted in this paper is based upon generalizing a method first proposed by Lin (1957) . Whereas Lin considered the laminar flow equations subjected to a standing wave perturbation, this procedure includes the turbulentstresses in much the same manner as the extended steady flow equations mentioned above and considers a travelling wave perturbation. An attractive feature of Lin's method is that no restriction is imposed on the magnitude of the wake perturbation. For the application of this method, however, the condition (6i8)'2 c 1 mustbe satisfied, where S°(-2vho) is the oscillatory flow boundary layer thickness and 8 is the mean flow boundary layer thickness. Apart from the region very close to the stagnation point, where a second order approximation may be warranted, this condition is satisfied to various degrees of approximation along the gas turbine blade boundary layer. When using this method the computational problems inherent in unsteady boundary layer separation are avoided and the much simplified time-mean transition, as opposed to unsteady transition, must be modelled.
In order to eliminate unnecessary complications at this stage the incompressible boundary layer equations are considered, where viscous heating is neglected. Here, we commence with the extended steady flow boundary layer equations for two-dimensional unsteady flow, viz:
where u and v represent ensemble-averaged velocities in thex and y directions and the primed quantities with <>'s denote ensemble-averaged fluctuating quantities. The quantities p and T refer to pressure and temperature while v, p, k and c, are the kinematic viscosity, density, thermal conductivity and specific heat respectively. Applying the method of Lin, we substitute
T(x, y,t) =T°(x, y) +T,,,(x, y,t) , into equations (5 a,b,c). As in the case of the free-stream quantities, subscripts 0 and w refer to time-mean and wake components of the ensemble-averaged quantities respectively. Upon time-averaging, making use of equation (4) and dropping the 0's and mean quantity overbars, the mean flow equations Pu av
K3
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are obtained, where the time-mean wake contributions F,, and F 2 , which are expressed as
are determined from the linearized unsteady equations au., ay,,
ax +ay =o,
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The form of the terms 0, and 02 depends on the assumptions that are made regarding the Reynolds stress modelling in (5b,c) while E. and a represent the contribution of the non-linear terms which are ignored here. The boundary conditions for equations (7) and (9) respectively, where the subscripts refers to the solid wall boundary. For the application of this method the wake effects are first ascertained by means of equations (9a) to (9c). These effects are then incorporated into the steady flow equations (7b) and (7c) via the F. terms which are ascertained from equations (8a) and
The advantages of this method over other methods published in the literature are clear: Firstly, the unsteady equations (9a) to (9c) are readily solved with relatively modest computational effort. Secondly, the time-mean terms F", and F,,,Z appearing in equations (7b) and (7c) need only to be computed once for a particular turbulence model and thereafter either stored in a data base or be represented by means of best-fit correlations. Thirdly, the resulting time-mean equations can be solved by one of the many available space-marching methods resulting in computational times that are comparable to those currently used in turbine design practice where wake effects are ignored (eg. Crawford & Kays, 1976) . Fourthly, this method is not restricted to sinusoidal-type periodic disturbances. Indeed, and others have shown that, while the wake is periodic, it deviates significantly from a sinusoidal shape. Fifthly, the method takes the 'travelling' nature of the wake into account. Sixthly, the time dependence of the turbulence level Tu can be accounted for via the Reynolds stress terms in equations (9b,c), and finally, only time-mean phenomena such as, for example, wake induced transition need be modelled. This last item is particularly advantageous in the light of recent developments by Mayle & Dullenkopf (1990 .
NUMERICAL RESULTS
In this section, the numerical results of the wake and time-mean equations are presented in three stages. Firstly, the solution to the wake equations (9a,b) are presented where turbulence effects are ignored. Secondly, the effect of turbulence on the solution is examined, and finally, the effect of the wake behaviour on the resulting time-mean flow is illustrated. Only the mass and momentum equations are considered because their solution is sufficient to illustrate the salient features of the method.
TURBULENCE-FREE OSCILLATIONS
In the absence of turbulence, the F", term appearing in equation (8a) is obtained from the classical solution to equations (9a) and where the first term in the expression 0.5U,d Utldx01 (y/So) is that derived by Lin (1957) and the second term 0.5U1w1Qd (y/8o) represents the travelling-wave contribution, derived by Greenblatt & Damelin (1992) . These functions are plotted in Figure 2 . In order to test the computational scheme (see Appendix), the equations were solved numerically and the results are plotted on the same system of axes. It is evident from the figure that the computation yields an acceptable solution to the equations, thereby validating their use for cases where no classical solution is possible due to the inclusion of eddy viscosity or thermal conductivity in the momentum and energy equations respectively. 
COMBINED WAKE & TURBULENCE EFFECTS
As a means of introducing the effects of turbulence into the equations, the Reynolds stress term in equation (5b) For simplicity it was assumed that <u 2 > remains 'frozen' i.e. independent of time throughout the cycle. It should be noted, however, that this is not a necessary constraint but proved to be convenient. Suitable non-dimensionalization of the equations (see Appendix) yielded the controlling parameter Tu Re /T where Re and a are the Reynolds and Strouhal numbers respectively, and the results of computations performed for increasing values of this parameter are presented in Figures 3 and 4 . It is evident from the figures that the effect of increasing Tu Re / a/2 is manifested by a larger penetration into the laminar boundary layer of the functions 0, and 4.
TIME-MEAN FLOW
The effect of the above-mentioned factors on the time-mean boundary layer development was ascertained by considering a stagnation flow over an infinite cylinder and the flow over a flat plate. By considering the ratio of the two terms in equation (10) it can be shown that U,d Ul/dx dominates over UI o^/Q in the stagnation region, whereas the opposite is true when little or no pressure gradient is present such as in the case of flow over a flat plate. Consequently, for the remainder of the results presented in this section, travelling wake effects are ignored in the stagnation region while these effects are considered exclusively for the flat plate problem. 
Stagnation Flow
In keeping with previous stagnation point investigations, the substitution U0(x) =Ax was made where A = 4UJD. The quantities U_ andD represent the free-stream velocity and cylinder -diameter respectively. Making the substitutions for U 0 and F., the mass and momentum equations (7a,b) took the form au av (13) and bringing about the substitutions predict an accurate transition location on the blade surface. This, in turn, could lead to erroneous estimates of the local heat transfer
equation (12) was automatically satisfied and equation (13) was reduced to the ordinary differential equation
where the primes refer to differentiation with respect to 71. The above equation was subject to the boundary conditions f=f=0 ate=0
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Following Smith & Kuethe (1966), , = 6.0 was taken as the boundary layer edge and a Runge-Kutta integration procedure was used to obtain the solutions.
The results for normalized time-mean displacement thickness (6/6 ,, 0) and skin friction coefficient (J, r" ,.) are plotted in Figures 5 and 6 respectively, where the Strouhal number ao was set equal to 2. It is evident from the figures that the effect of both the turbulence and the time-mean wake unsteadiness is fully characterized by this method. In addition, for this particular case, the method yields the much sought-after controlling parameter Tu ReD / 60/2 by suitable non-dimensionalization of the governing equations. This is an important result since in many boundary layer codes the transition onset Reynolds number is based on either displacement or momentum thickness. Consequently, it is important that the starting upstream conditions are accurate otherwise a valid estimation of the onset Reynolds number will not necessarily The results for skin friction, which are plotted in Figure 6 , indicate that increases in both Tu and Tu bring about an increase in the time-mean skin friction coefficient. It is evident, however, that the effect of the wake is not as significant as the free-stream turbulence effect with Tu = 50% bringing about a skin friction augmentation of only 15%. On the basis of the findings of Ishigald (1972) and using the Reynolds analogy it can be inferred that similar trends will be apparent for time-mean heat transfer. This result can be used to qualitatively explain the widely varying results in gas turbine heat transfer augmentation when novel turbulence generators are used (see Bayley & Priddy, 1981 and Krishnamoorthy et al, 1988) . For example, while the measured overall disturbance level Tu, is large, the actual turbulent component Tu may be much smaller -giving rise to only a slight increase in heat transfer and consequently misleading results. The above computations were performed with 6o equal to 0.5 and 4.0 respectively and it was ascertained that the results for both S' and ? were only slightly affected when compared to the GD = 2.0 case.
Flat Plate Flow
In order to illustrate the time-mean effect of the travelling-wave on the laminar boundary layer in the absence of free-stream turbulence, the classical flat plate problem was considered here. The external fluid stream was assumed to be free of pressure gradient and the amplitude and velocity of the travelling-wave were assumed constant. For this problem, the outer edge of the boundary layer was defined at the point u = 0.99U, and consequently (3o/5)2 = 2/25a=, where the subscript x refers to the distance measured from the leading edge of the plate. This relation can be derived from the definition from the definition contained in the section entitled "General Method" and the well-known flat plate formula for S. It can be seen by inspection that the condition (SfS)2 c 1 holds for typical gas turbine blade Strouhal numbers with the exception of the region very close to the leading edge. Introducing the well known Blasius substitutions (see Schlichting, 1979) , once again the mass equation is automatically satisfied and the momentum equation reduces to the ordinary differential form:
The term y represents the travelling-wave convection velocity ratio Q/Uo and for convenience we define the wave parameter F = 2f u 2a,/y. The above equation was subject to the same boundary conditions as in the stagnation flow case and the same integration scheme was used.
Making use of the principle of similarity, the local skin friction and momentum thickness Reynolds number may be expressed as c/2 = f'(0)l Rej and Re. = a Re, respectively. The quantities f '(0) and a are plotted in Figure 7 as a function of the wave parameter F, for aj values of 1 and 2. In general, the local skin friction coefficient increases with the wave parameter while the momentum thickness decreases. All curves exhibit a very small negative second derivative type curvature but can be adequately represented by linear functions for the range of F presented here. The skin friction increases by approximately 50% as the wave parameter increases from 0 to 1. This quantity also exhibits a very small dependence on a, with the difference between the two results typically around 3%. Using the Reynolds analogy once again it is evident that travelling-wave fluctuations can have a pronounced effect on the local heat transfer coefficient within the laminar boundary layer of gas turbine blades. In contrast to the skin friction coefficient, the momentum thickness Reynolds number is strongly affected by both the wave parameter and the Strouhal number. For the condition a, = 2, a reduces by approximately one quarter of its original value at maximum F, while for a, =1 it reduces to half its value. Thus, it is conceivable that the travelling wave effect may have an influence over the point of transition onset. Due consideration should also be given to the stability characteristics of these boundary layers as their mean profiles are markedly different to that of the Blasius profile. This feature is evident from Figure 8 where profiles for F =1 are compared with the Blasius profile. These curves qualitatively reflect the results of the previous figure. 
PROVISIONAL EXPERIMENTAL VALIDATION
The numerical results attained here were compared with the experimental data of Base et al (1981) and Marziale & Mayle (1983) . The Base et al. experiment consisted of a low-speed blow-down wind tunnel in which the turbulence level, unsteadiness level and frequency could be set. Overall disturbance levels as high as 20% percent were examined. All experiments were preformed on a heated cylinder which was located in the working section of the tunnel. Travelling wave effects were absent from the free-stream and the temperature in the free-stream was constant.
The numerical technique described in the previous section was used and, in addition, the energy equation was solved. For the solution of the energy equation, laminar and turbulent Prandtl numbers of 0.7 and 1.0, respectively, were employed. Since free-stream fluctuations in temperature were absent, the wake term in the energy equation F,, 2 was equal to zero. Figure 9 contains the experimental data as well as the numerical results of the method described in the paper, where comparisons are presented for Nusselt number, normalized with respect to its value in a non-oscillatory flow, as a function of Strouhal number. Incident flow Reynolds numbers of 1220, 2440 and 4890 were considered. The experimental data for all three Reynolds numbers show similar trends, namely that the heat transfer drops at low frequency, but recovers to approximately its original value at higher frequencies. The numerical results, on the other hand, show an insensitivity to ao as was discovered in the previous section and as a consequence of this, the experimental data tend asymptotically to the computed results. This was expected since the theory was developed specifically for high frequency In the experiment of Marziale and Mayle (1983) the effect of periodic variation in the angle of attack on heat transfer at the leading edge of a turbine blade was examined. As in the previous investigation a circular cylinder was employed, but in this investigation it was oscillated rotationally about its axis. The incident flow Reynolds numbers and Strouhal numbers were chosen to be representative of those found in turbomachinery while turbulence levels up to approximately 5% were generated. A mass transfer technique was used to infer heat transfer results.
For the computational results, the external free-stream velocity was represented by U, =Ax ±IAx'sinot1, where the sign between the two terms is dependent upon the stagnation region location under consideration and x' is the amplitude of the oscillation measured from the stagnation point It is evident from equations (9a,b) that the flow will be unsteady in nature since U. = ± I Ax' sin w . However, the time-mean effect will be equal to zero since U,,, is not a function of x. Consequently with F 1 and F,,,2 equal to zero, neither frequency nor amplitude should have any effect on time-mean heat transfer. It is also important to note that this result is independent of the high frequency assumption (3/&)2 c 1 and therefore valid for all aD .
The experimental data as well as the results of the above-mentioned conclusion are presented in Figure 10 . The experimental datashow a 10% increase in inferred Nusselt number at intermediate values of Strouhal number and then decrease to the value that was measured in the absence of angle of attack oscillation. Contrary to this, the method developed here shows no variation with Strouhal number. It is believed that the small discrepancy between the data and prediction can be attributed to the fact that U. is weakly dependent on x due to interaction of the boundary layer and free-stream during the oscillation. However, for the prediction presented here, this was not taken into account as the free-stream and boundary layer regimes were assumed to be independent of one another. 
CONCLUDING REMARKS
A computational procedure has been developed which accounts for the time-mean effect of wake-passing and free-stream turbulence on laminar turbine blade boundary layers. Amongst the advantages of the procedure over many others currently found in the literature are rapid computation of the time-mean unsteady effects and realistic modelling of the turbulent wake. The procedure also yielded useful parameters such as Tu R eo / ao/2 and I' (-2T u 26^1'y) for describing the time-mean effects of unsteadiness on the laminar boundary layer. A provisional comparison with experimental data showed that the procedure may be more general than initially expected. On the basis of this encouraging preliminary comparison with experimental data it is envisaged that, in the near future, the results of this procedure will undergo extensive experimental validation.
